The purpose of this work is to model the single-phase radial gas flow in coalbed methane including equilibrium sorption phenomena in the coal matrix and Darcy flow in the natural fracture network. Considering a control volume, the gas desorption rate as a function of time and space is incorporated into the radial continuity equation as a source term. Using Langmuir type sorption isotherm, gas desorption rate is determined at any radius of the reservoir. Introducing the definition of pseudo-pressure and pseudo-time, the resulting continuity equation is converted into the linearized diffusivity equation by modification of total gas compressibility. It is shown how the traditional definition of the material balance pseudo-time is modified for dry CBM reservoirs. With the help of these transformations, the traditional (PTA and RTA) type curves can be employed for analysis of production data of dry CBM reservoirs. The model developed here is validated against Fekete's numerical CBM simulator over a wide range of reservoir parameters. In addition, one set of field data from Horseshoe Canyon coals of the Western Canadian Sedimentary Basin is analyzed using the solution procedure presented in this paper.
Introduction
Coalbed methane (CBM) is a natural gas produced from coal seams. Coal is both the source rock and the reservoir for methane production. The world total CBM resource potential is evaluated at about 143.2 trillion cubic meters. (1) CBM reservoirs are naturally fractured reservoirs that are characterized by two distinct porosity systems including: (i) micropores (matrix) with extremely low permeability and (ii) macropores (natural fractures or cleats). Due to the small pore diameter of less than 10 o A, the coal matrix has a large internal surface area of 100 to 300 g m 2 . (2, 3) As a result, substantial quantities of gas can be adsorbed on the surface of the coal grains. Micropores are impermeable to gas and inaccessible to water. However, the desorbed gas can transport through the primary porosity system by diffusion. The macropores acts as a sink to the micropores and provide permeability to fluid flow.
In porous media with larger pore size distributions, mass transfer is driven by pressure gradients, whereas in coal, mass transfer is driven by concentration gradients. The diffusion through the micropores can be the result of three distinct mechanisms that may act individually or simultaneously (4) : (i) bulk diffusion, where molecule/molecule interactions dominate; (ii) Knudsen diffusion, where molecule/surface interaction dominate; and (iii) two-dimensional surface diffusion of the adsorbed gas layer.
The steady state diffusion coefficient for most coals is on the order of 4 
10
 to s cm 2 5 10  and the transient diffusion coefficient ranges from 0.5 to 10 times the steady-state values. (4) These experimentally determined diffusion coefficient represents averaged values including the contributions of the bulk, Knudsen, and surface diffusion processes.
Diffusion effects can be quantified by determining a sorption time. The sorption time is equal to the time required to desorb 63.2 percent of the initial gas volume (It is determined from whole core canister desorption test). This time is related to fracture spacing and the diffusion coefficient. (5) Gas production from the CBM reservoirs is controlled by a four-step process that includes: (i) dewatering process, (ii) desorption of gas from coal surface, (iii) diffusion of gas to the fracture system, (iv) flow of the gas through the fractures to the wellbore. (6) Two categories of models have been developed for modeling of gas production from CBM reservoirs (7, 8, 9) : (i) numerical and (ii) analytical models. Analytical models are more suited for mechanistic studies leading to improved understanding of the process. However, they may not be sufficient to simulate the process with all its complexities. On the other hand, numerical models can accommodate the more general form of the formulation and can represent more complex processes. A review of these models also shows that two approaches with respect to desorption/diffusion processes have been adopted:(i) equilibrium (instantaneous) and (ii) nonequilibrium (time-dependent) desorption. In non-equilibrium models, the time dependent desorption /diffusion process is not ignored. Non-equilibrium models are dual-porosity models which use the conventional naturally fractured reservoir formulation to account for the unique storage and transport mechanisms within the coal matrix. In equilibrium models, the implicit assumption is that compared with the fluid flow through the fractures, the desorption/diffusion is sufficiently rapid and the kinetics of the desorption/diffusion can be neglected. For many applications, it is thought that the equilibrium assumption is justified. The objective of this paper is to develop techniques for analysis of production data in dry CBM reservoirs that follow equilibrium desorption. The main challenges are accounting for the nonlinearity caused by gas desorption, and time-dependent boundary conditions in the wellbore.
Blasingame and Lee (10) and later Agarwal et al. (11) showed that with use of the concept of material balance time one could accommodate the changing boundary conditions at the wellbore, provided these changes in pressure and rate are smooth and slow. Accounting for the effect of coal compressibility within the material balance and pseudo-time calculations, Jordan et al. (12) graphically showed that the methods which linearize variable rate-pressure to equivalent single rate or constant pressure cases can also linearize CBM data in a manner identical to conventional gas reservoirs. They used results generated by a numerical single phase CBM simulator to validate this methodology on Blasingame (10) , NPI (13) , and Bourdet (14) type curves. Clarkson et al.
also showed the applicability of traditional single well analysis techniques to analyze single well dry CBM reservoirs. This paper presents the systematic development of a production model for CBM reservoirs with immobile initial water saturation (which we shall call a dry CBM reservoir). For this purpose the production model consisting of the modified forms of material balance equation, diffusivity equation and material balance pseudo-time is formulated and solved by accounting for the equilibrium desorption process. Then, the solution is validated against a numerical CBM simulator over a wide range of reservoir parameters. Next, the production analysis model developed here is used to perform sensitivity studies to investigate the effect of different reservoir parameters on production behavior. Lastly, the actual field data from a dry CBM reservoir is analyzed with the production model.
Physical Model
Referring to Figure 1 , a cylindrical dry CBM gas reservoir is considered in this study. At time t=0, gas is produced from the reservoir, causing the pressure to be reduced gradually from initial reservoir pressure (p i ) to a pressure (p) below the adsorption equilibrium pressure. With gas production and corresponding pressure decline, gas is desorbed from the coal surface to the fracture system. Thus, the fracture system acts both as a sink to the micropore system and as a conduit to production wells.
Mathematical Model
Development of a production analysis method for a dry CBM reservoir requires the consideration of the gas desorption effect into the continuity equation for the flow of gas through a differential element of the reservoir volume (see Figure 1) . This section provides a detailed methodology used to model gas production under variable operating conditions at the wellbore. The mathematical model consists of three main elements: (i) a set of assumptions to facilitate the model development, (ii) an equilibrium gas desorption model to determine the rate of gas desorption as a function of pressure, and (iii) a production model to describe reservoir performance.
Assumptions
The following assumptions are considered to facilitate model development. 1. The reservoir is horizontal with homogeneous properties. 2. The reservoir has uniform thickness. 3. The reservoir is isothermal. 4. The CBM reservoir contains a single-phase gas. 5. Pore volume compaction is negligible. 6. Gas desorption is instantaneous, i.e., equilibrium sorption prevails.
Gas Desorption Model
Gas stored by adsorption typically is modeled with an adsorption isotherm. The adsorption isotherm is a mathematical relation between the volume of gas adsorbed and the coal system pressure. The most-commonly used functional form for modeling adsorption is the Langmuir isotherm (16) which has the form: where L p =Langmuir pressure, at which the total gas volume adsorbed is equal to one-half of the Langmuir volume, L V =Langmuir volume, the maximum adsorption capacity of the coal per unit volume of coal, and E V =Total volume of gas adsorbed per unit volume of the coal in equilibrium at pressure p . Considering the condition of instantaneous equilibrium, the volume of desorbed gas at any time can be calculated by Equation (2): (2) where d V is the cumulative desorbed gas per unit volume of the coal.
Production Model
The production model consists of four elements which are (i) the modified forms of the material balance equation, (ii) diffusivity equation and its solutions subjected to the constant rate and constant pressure production at the wellbore, (iii) deliverability equation and (iv) material balance pseudo-time. The term "modified" refers to the fact that all of these elements were previously developed for conventional gas reservoir; however, the elements are modified by accounting for the equilibrium desorption process.
Material Balance
For conventional gas reservoirs the real gas equation of state is used to derive a familiar Z p equation. The same approach is used for CBM reservoirs, except that the gas desorbed during the production period must be accounted for. King (17) developed two material balance equations for coal seam and Devonian shale gas reservoirs. The first model assumes equilibrium conditions while the second model allows for time dependent, non-equilibrium desorption. According to King's approach, for a dry CBM reservoir under the equilibrium desorption, the material balance equation takes the form of: (3) where * Z is the modified gas compressibility factor and is defined as: Equation (3) is the gas phase mass balance over the total reservoir system including coal matrix and fractures.. The assumptions used in the development of the material balance equation are identical to the assumptions used in the traditional material balance equation. Thus, the traditional Z p analysis technique can be used provided * Z is substituted for Z .
Modified Diffusivity Equation
The standard diffusivity equation for an oil reservoir is derived by considering that the difference between the net flow of fluid in and out of a reservoir control volume is equal to the net change in mass of fluid in the volume. For CBM reservoirs as shown in Figure 1 , the same procedure is used except that the desorbed gas in the control volume is taken into account. As derived in Appendix A, the modified diffusivity equation in terms of pseudo-pressure (18) and real time, t , for a dry CBM reservoir is: (6) and (7), respectively.
In Equation (5) shows that the product of viscosity and modified total compressibility is space-dependent as well as time-dependent. In Equation (6) g c is the real gas compressibility (note, the formation compressibility, f c , is ignored according to assumption number (5)). In addition, the term d c in Equation (6) is the desorption compressibility introduced by Bumb and McKee (20) which is defined as: Equation (5) is a non-linear equation. This is due to the
is a strong function of . Fraim and Wattenbarger (21) showed that solution to the flow equation for slightly compressible oil could be applied to gas reservoirs if the pressure and time are defined in terms of pseudo-pressure and pseudo-time (evaluated at average reservoir pressure), respectively. In Appendix A, we applied this procedure by introducing the modified pseudo-time By using the modified pseudo-time function, Equation (5) may be approximated by a linear diffusivity equation, Equation (10) . Thus the solutions for slightly compressible liquid are expected to be applicable to this model. The solutions to the modified diffusivity equation, Equation (10), subjected to different boundary conditions are given in Tables 1 and 2 .
Gas Deliverability
Solution to the modified diffusivity equation, Equation (10), subject to appropriate boundary conditions, can give the transient and boundary dominated behaviour of the reservoir. However, traditionally the deliverability equation is used to predict the boundary dominated behaviour of the reservoir. The deliverability or the inflow performance relationship for a conventional gas reservoir is based on the "constant rate solution". For a given constant rate, the well flowing pressure in a dry CBM reservoir can be calculated in the same manner as it is calculated for a conventional gas reservoir, provided that the average reservoir pseudo-pressure,  , is calculated from the modified material balance equation, Equation (3) . As shown in Appendix C, the gas deliverability equation for dry CBM reservoirs can be expressed as: 
Modified Material Balance Pseudo-Time
A well produced at a constant rate exhibits a varying bottomhole flowing pressure, whereas a well produced at a constant bottomhole pressure exhibits a varying rate curve. The material balance time was first developed by Blasingame and Lee (10) to match the variable flowing pressure data on Fetkovich (23) type curve which is essentially developed for constant flowing pressure production data. Later, Agarwal et al. (11) demonstrated that material balance time converts the constant pressure solution into the widely used constant rate solution. Due to the varying PVT properties of gas, the material balance time for gas reservoirs was developed in terms of pseudo-pressure and pseudo-time. (10) To apply the concept of material balance time to a dry CBM reservoir one needs to consider the modified material balance equation,
, and modified pseudo-time, * a t . Using Equation (3), the modified material balance pseudo-time is given by Equation (11) 
Validation
In this section, the validity of the mathematical model for analysis of production data is examined. The model presented above has been compared against a numerical CBM reservoir simulator developed by Fekete Associates Inc.
(24) The simulator is a two-phase; gas-water numerical simulator that accounts for viscous, capillary and gravity forces, gas sorption in the matrix, gas diffusion through the matrix, and two phase flow of gas and water through the natural fractures.
A hypothetical cylindrical dry CBM reservoir with a well located at the centre of drainage area is considered. The reservoir radius and thickness are 1000 m and 10m, respectively. In the base case, the reservoir temperature is 15.5  C and its initial pressure is 3450 KPa (500 psia). The initial adsorbed and initial free gas-in-place are 19.410 6 and 0.32710 6 std. m 3 , respectively.
To investigate the applicability of the modified material balance pseudo-time, we study reservoir performance under two production conditions including constant rate (q=1.42 10 3 std. m 3 /day) and constant wellbore pressure (p wf =345 KPa). Other relevant physical properties of the reservoir and the different cases studied are given in Table 3 .
For simulation, the single layer hypothetical reservoir is divided into 20 radially distributed sections. To simulate instantaneous equilibrium, the value of coal desorption time is considered equal to be 0.01 day. To ensure accuracy of the numerical results, we have compared results of two numerical simulators. Figure 3 , shows the calculated flowing-wellbore and average-reservoir pressure from GEM-CBM simulator of CMG (25) and Fekete's numerical CBM simulator (24) . A close agreement is observed for case-1 shown in Figure 3 and cases 2 to 6 shown elsewhere (Gerami, 2006) (26) . To examine the validity of the assumption made in the development of the analytical solution presented in this work, we compare the results of the numerical simulator against type-curves developed using the analytical solution. In each case, the calculated pressure, rate and time information are turned to the appropriate pseudo-values as required by the solution developed in this paper. The details of transformations are explained by Gerami (26) . Figure 3 In the next section, we use the analytical solution developed here to investigate the effect of some important reservoir operating conditions on gas production from dry CBM reservoirs.
Sensitivity Study
Using the analytical model, the effects of Langmuir pressure, Langmuir volume and wellbore pressure are investigated in this section. For this purpose the hypothetical reservoir described for the base case is used in this study. Unless stated otherwise, the conditions listed in the Table 1 are used as reservoir parameters. Figures 9 and 10 show the effects of L p and L V on the reservoir and production performance, respectively. As shown in Figure 9 (a) the higher the value of L p , the lower the gas content of the coal; consequently the lower the total initial gasin-place as can be seen from Figure 9 (c). In contrast, the higher the value of L V , the higher the gas content of the coal and therefore the higher the total initial gas-in-place as can be seen in Figure 10(c). Figures 9(b) and 10(b) show that at early time the effects of L p and L V on reservoir pressure can not be detected, however, at late time their effects become important. V . This is why at high values, the effect of L p on flowing wellbore pseudo-pressure is not as significant as the effect of L V . Figures (11) show the effect of wellbore pressure on the rate of gas production when the wellbore pressure reduces from 1725 KPa to 345 KPa. As expected, the lower the wellbore pressure the higher the rate of gas production. However, the effect of wellbore pressure on production rate reduces at low values of wellbore pressure.
Field Case Study
In the validation section, we showed how production data of a dry CBM reservoir (as determined from a simulator) may be analyzed using conventional analysis techniques. A systematic and comprehensive methodology for advanced analysis of conventional production data for determination of hydrocarbon reserve and other reservoir properties (k, S) is given by Mattar and Anderson (27) . In the following, the pressure and rate measurements (variable operating conditions) from a well producing from Horseshoe Canyon coals of the Western Canadian Sedimentary Basin is analyzed (see Table 4 and Figure 12 ). There has been no or little water production, making this data set suitable for analysis using techniques developed in this paper.
As we shall see, the quality of the data does not allow analysis of the transient data for determination of permeability and skin. However, the analysis of about two years of information shown in Figure 14 indicates that the reservoir shows boundary dominated flow behaviour enabling determination of gas-in-place.
As suggested by Agarwal et al. (11) , for noisy production data, it is advantageous to present the dimensionless PTA/RTA type-curves in the form of
. They have shown that this would result in a straight line on Cartesian graph that is anchored at the point ). Using this together with an iterative procedure (27) , the estimate of total initial gas-in-place is obtained as 6.3610 6 std. m 3 . This value agrees well with other information available in this case. Figure 13 illustrate a match between field data and the theoretical solution.
This analysis is useful when the flow regime is boundarydominated. Figure 14 shows a log-log graph of normalized pseudo-pressure, 
Discussion
The production analysis model developed here is based on the instantaneous desorption of gas from matrix to fracture. According to "Gas Research Institute" (GRI) (28) for the reservoirs that have been commercially developed to date, gas production rates are generally limited by permeability rather than by diffusivity. This means that diffusion has a minor effect on estimates of gas productivity. This condition is true when the time-scale of diffusion in the coal matrix is smaller than the time-scale of Darcy's flow in the reservoir. In such cases, gas production is limited by Darcy's flow of gas and the equilibrium approach is adequate for engineering calculations. However, for cases where the diffusion is the limiting process, one needs to consider kinetics of desorption/diffusion between matrix and fracture. For such cases a dual-porosity model is needed (29, 30) . The production analysis model developed here assumes no permeability changes as a function of pressure; however, in many CBM reservoirs permeability may be pressure/stress dependent. For reservoirs where this effect is important this model may not be appropriate and a different pseudo-pressure that incorporated pressure dependent permeability can be defined.
Although in our development we did not account for formation compressibility, f c , for cases that f c is important one can simply modify 
Summary and Conclusion
An analytical production model including pressure transient analysis and production data analysis is developed for the production of gas from a dry CBM reservoir with the instantaneous desorption of gas. Desorption is assumed to follow a Langmuir isotherm. The analytical model is validated against a CBM reservoir simulator with excellent agreement. On the basis of the results presented, the following conclusions are drawn:
1. The modified pseudo-time calculated at average reservoir pressure successfully linearizes the modified diffusivity equation. 2. The concept of material balance pseudo-time developed for conventional gas reservoirs can be applied successfully to a dry CBM reservoir with instantaneous desorption provided that the effects of desorption on average reservoir pressure and total compressibility are accounted. For the simple model developed here can therefore be used to analyze the dry CBM production data by all the methods available for production data analysis. 
NOMENCLATURE
Modified pseudo-time
Modified total compressibility 
Laplace space solution, bounded reservoir The flow is compressible, from the real gas law From Equation (B-13) which is a material balance equation, we
